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A GENERALIZED π2-DIFFEOMORPHISM
FINITENESS THEOREM
Xiaochun Rong1 and Xuchao Yao
Abstract. The pi2-diffeomorphism finiteness result ([FR1,2], [PT]) asserts that the
diffeomorphic types of compact n-manifoldsM with vanishing first and second homo-
topy groups can be bounded above in terms of n, and upper bounds on the absolute
value of sectional curvature and diameter of M . In this paper, we will generalize
this pi2-diffeomorphism finiteness by removing the condition that pi1(M) = 0 and
asserting the diffeomorphism finiteness on the Riemannian universal cover of M .
0. Introduction
A core issue in Riemannian geometry has been controlled topology of a Rie-
mannian manifold M by its geometry, in which bounding the number of possible
diffeomorphic types of M has been a driving force.
Let’s begin with the classical Cheeger’s diffeomorphism finiteness result:
Theorem 0.1. ([Ch]) Given n, d, v > 0, there exists a constant, C(n, d, v) > 0,
such that compact n-manifolds satisfying
| secM | ≤ 1, diam(M) ≤ d, vol(M) ≥ v,
contains at most C(n, d, v) many diffeomorphic types.
Note that Theorem 0.1 does not hold if one removes any of the bounds ([Ch]).
A key is to estimate a lower bound on the injectivity radius of M in terms of
these bounds. Indeed, the diffeomorphism finiteness holds when weakens the cur-
vature condition to RicM ≥ −(n− 1) but strengthens the volume condition to that
injrad(M) ≥ ρ > 0 ([An], [AC]).
By the Gromov’s precompactness, the diffeomorphism finiteness follows if one
shows that any Gromov-Hausdorff convergent sequence of compact n-manifolds,
Mi
GH
−−→ X , contains a subsequence of same diffeomorphic type. Under the curva-
ture condition, RicMi ≥ −(n− 1), the limit space X is called a non-collapsed Ricci
limit space, and any tangent cone at x ∈ X is a metric cone ([CC1]). A point p ∈ X
is regular, if its tangent cone is unique and is isometric to an Euclidean space. If all
points on a non-collapsed Ricci limit space X are regular (e.g., injrad(Mi) ≥ ρ > 0),
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then X is a manifold and for i large,Mi is diffeomorphic to X ([CC1,2]). Under the
strong regularity that | secMi | ≤ 1, X is indeed a C
1,α-manifold ([Ch], [GLP], cf.,
[GW], [Pet]) and thus Theorem 0.1 follows. With secMi ≥ −1, X is a topological
manifold which is homeomorphic toMi ([Pe]), and for n 6= 4, it is a known result in
topology that the homeomorphism finiteness implies the diffeomophism finiteness
([GPW1,2], [KiS]).
A different type of diffeomorphism finiteness result, which primarily concerns
collapsed manifolds with bounded sectional curvature and diameter, was obtained
independently in [FR1,2] and [PT].
Theorem 0.2. (π2-Diffeomorphism finiteness) Given n, d > 0, there exists a con-
stant, C(n, d) > 0, such that compact n-manifolds satisfying
| secM | ≤ 1, diam(M) ≤ d, π1(M) = π2(M) = 0,
contains at most C(n, d) many diffeomorphic types.
Note that Theorem 0.2 fails, if one drops the restriction that π2(M) = 0; there are
simply connected 7-manifolds with bounded positive sectional curvature and diam-
eter ([Es]). If one removes the assumption that π1(M) = 0, then odd-dimensional
spherical space forms are of infinitely many (with vanishing π2). In view of this
example, a naive question is whether the universal covers of manifolds of vanishing
π2 are of at most finitely many?
The purpose of this paper is to give a positive answer; which generalizes Theorem
0.2 to the following:
Theorem A. (π2-diffeomorpism finiteness on universal covers) Given n, d > 0,
there exists a constant, C(n, d) > 0, such that compact n-manifolds satisfying
| secM | ≤ 1, diam(M) ≤ d, π2(M) = 0,
its Riemannian universal cover M˜ contains at most C(n, d) many diffeomorphic
types.
When restricting to simply connected manifolds, Theorem A implies Theorem
0.2, while manifolds in Theorem A may have non-compact universal covers; e.g.,
given any 2-connected k-manifold N , 3 ≤ k ≤ n − 1 such that | secN | ≤ 1 and
diam(N) < d, the metric product with a collapsed flat torus, N × ǫTn−k (ǫ > 0
small), has a non-compact universal cover.
In view of Theorems 0.1 and 0.2, the following problem is natural: Is there a
diffeomorphism finiteness of universal covers of compact n-manifolds satisfying
| secM | ≤ 1, diam(M) ≤ d, vol(B1(p˜)) ≥ v > 0, at some p˜ ∈ M˜.
We do not have an answer to the above problem. In the Appendix, we will prove
a universal cover diffeomorphism (resp. homeomorphism) finiteness for the class
of compact n-manifolds of non-negative Ricci (resp. sectional) curvature whose
universal covers are not collapsed (see Theorem 3.1).
The proof of Theorem A adapts the approach to Theorem 0.2 in [FR1,2] ([PT]).
To explain problems in our proof, let’s first briefly describe the proof of Theorem
0.2.
By Theorem 0.1, it suffices to prove a diffeomorpic stability for a sequence of
collapsed manifolds in Theorem 0.2, where the main tool is the nilpotent fibration
structure discovered on collapsed manifolds with bounded sectional curvature ([Gr],
[CG1,2], [CFG], [Fu1-3]); the following fibration theorem is a strengthened version
(see Section 1):
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Theorem 0.3. (Nilpotent bundles, [Gr], [Fu1,2], [CFG]) Let a sequence of compact
n-manifolds, Mi
GH
−−→ X, such that | secMi | ≤ 1 and X is compact with dim(X) <
n. Passing to a subsequence, the sequence of the frame bundles, (F (Mi), O(n)),
equipped with canonical metrics, equivariant converges to (Y,O(n)), and Y is a
C1,α-manifold. Then for i large, there is a smooth O(n)-invariant bundle map,
fi : (F (Mi), O(n))→ (Y,O(n)), satisfying the following properties:
(0.3.1) fi is an ǫi-GHA i.e. fi is an ǫi-isometry, ǫi → 0.
(0.3.2) A fiber Fi is diffeomorphic to an nilmanifold, and the structural group pre-
serves affine structures on fibers.
(0.3.3) Norms of the second fundamental form of fi-fibers are uniformly bounded
by c(n).
The O(n)-invariance implies that fi descends to a possibly singular fibration
map, f¯i : Mi → X = Y/O(n). Note that if Mi is orientable, then Theorem 0.3
applies to the oriented frame bundle, SF(Mi), which is a component of F (Mi).
If π1(Mi) = 0, then the singular nilpotent structure coincides with an almost
isometric torus T k-action on Mi ([Ro]), k = n − dim(X), which is descended
from the SO(n)-invariant principal T k-bundle on the oriented frame bundle, T k →
(SF(Mi), SO(n))→ (Y, SO(n)).
Two principal G-bundles, G → Ei
πi−→ B, are weakly equivalent, if there is
a diffeomorphism, f : E1 → E2, and an automorphism, A : G → G, such that
π1 = π2 ◦ f and f(s(x)) = A(s)f(x) for all x ∈ E and s ∈ G.
The following is a standard result from principal bundle classification theory
([FR1]).
Lemma 0.4. Given two principal torus T k-bundles, T k → Ej → B, j = 1, 2,
where Ej and B are manifolds, if π1(Ej) = π2(Ej) = 0, then the two principal
T k-bundles are weakly equivalent. In particular, E1 is diffeomorphic to E2.
Note that without loss of generality, we may assume dim(M) ≥ 3. Because
SF(Mi) may not be simply connected (e.g., π1(SF(S
3)) ∼= Z2), either one uses a
generalization of Lemma 0.4 ([FR2]), or for a simplicity one may replace SF(Mi)
with the associated Spin(n)-bundle over Mi, Spin(Mi), where Spin(n) → SO(n)
is the universal cover group (Theorem 0.3 trivially extends to this set-up). In the
rest of the paper, we will use S(M) (resp. S(n)) to denote either SF(M) (resp.
SO(n)) when π1(SO(n)) has a trivial image in π1(SF(M)) or otherwise Spin(M)
(resp. Spin(n)).
If, in addition, π2(Mi) = 0, then π2(S(Mi)) = 0 (because π2(S(n)) = 0, the
second homotopy of any Lie group is zero), and by Lemma 0.4 all the principal
T k-bundles are weakly equivalent, i.e., fixing i0 and for any i, there is a bundle
equivalence (may not be principal T k-bundle equivalence), fi : S(Mi0) → S(Mi),
and an automorphism φi : T
k → T k, such that fi(t(x)) = φi(t)fi(x) for all t ∈ T
k
and x ∈ S(Mi0). To conclude that Mi0 is diffeomorphic to Mi, one can modify fi
to an S(n)-conjugate map, via the center of mass technique ([Pa], [GK]).
Let’s now remove the assumption that Mi is simply connected, and first try to
establish a diffeomorphism stability on S(M˜i), up to a subsequence. In view of
the above, we will study the lifting S(n)-invariant bundle on S(M˜i) from Fi →
(S(Mi), S(n)i)→ (Y, S(n)), which is a S(n)-invariant principal nilpotent Lie group
Ni-bundle, Ni → (S(M˜i), S(n)i)→ (Y˜ , S(n)), where Y˜ is the Riemannian universal
cover of Y with lifting S(n)-action (see Lemma 2.2). Unfortunately, it is not possible
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to have a weakly equivalence for principal nilpotent Lie group bundles (comparing
to Lemma 0.4); because contracting to abelian Lie groups, in each dimension ≥ 3
there are infinitely many isomorphism class of nilpotent Lie groups. We observe
that if Ni contains no compact subgroup, i.e., Ni is diffeomorphic to R
m, then
the principal Ni-bundle is trivial, i.e., S(M˜i) = Y˜i × Ni are all diffeomorphic (see
Lemma 2.5).
We will study the S(n)-invariant sub-principal abelian bundles,
T k → (S(M˜i), S(n)i)→ (S(M˜i)/T
k, S(n)i),
where T k denotes the maximal compact subgroup of Ni and the S(n)i-action on
S(M˜i)/T
k is descending from the S(n)i-action on S(M˜i). In order to apply Lemma
0.4, we will prove that the diffeomorphic type of based spaces, S(Mi)/T
k
diffeo
∼=
Y˜ × Rm, m = dim(Ni) − k (see Lemma 2.5), for all i. To be able to modify a
weakly equivalence to a S(n)i-conjugate map (so as to conclude the diffeomorphic
stability for M˜i), it requires that passing to a subsequence the descending S(n)i-
actions on Y˜ ×Rm are conjugate. We will prove this by induction on the length of
the nilpotency (passing to a subsequence, we may assume Ni has the same length
of nilpotency such that the quotient of two adjacent normal nilpotent subgroups
are independent of i), which relies on that we replace the original metric on Mi by
a nearby Ni-invariant metric of high regularity ([CFG]) (see Lemma 2.7).
The rest of the paper is organized as follows:
In Section 1, we will review basic notions and tools that will be used in the proof
of Theorems A.
In Section 2, we will prove Theorem A.
In Appendix, we will prove a universal cover diffeomorphism (resp. homeo-
morphism) finiteness for a class of compact manifolds of non-negative Ricci (resp.
sectional) curvature.
1. Preliminaries
We will review the notions of equivariant GH-convergence, a form of stability of
isometric compact Lie group actions, the singular fibration theorem.
a. Equivariant Gromov-Hausdorff convergences.
The reference of this subsection is [FY] (cf. [Ro]).
Let Xi
GH
−−→ X be a convergent sequence of compact length metric spaces, i.e.,
there is a sequence ǫi → 0 and a sequence of maps, hi : Xi → X , such that
|dX(hi(xi), hi(x
′
i)) − dXi(xi, xi)| < ǫi (ǫi-isometry), and for any x ∈ X , there is
xi ∈ Xi such that dX(hi(xi), x) < ǫi (ǫi-onto), and hi is called an ǫi-Gromov-
Hausdorff approximation, briefly, ǫi-GHA.
Assume thatXi admits a closed group Γi-action by isometries. Then (Xi,Γi)
eqGH
−−−→
(X,Γ) means that there are a closed group Γ of isometries on X , a sequence ǫi → 0
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and a sequence of triple of ǫi-GHA, (hi, φi, ψi), hi : Xi → X , φi : Γi → Γ and
ψi : Γ→ Γi, such that for all xi ∈ Xi, γi ∈ Γi and γ ∈ Γ,
dX(hi(xi), φi(γi)hi(γ
−1
i (xi))) < ǫi, dX(hi(xi), γ
−1(hi(ψi(γ)(xi))) < ǫi,
where Γi and Γ are equipped with the induced metrics from Xi and X . We call
(hi, φi, ψi) an ǫi-equivariant GHA.
When X is not compact, the above notion of equivariant convergence naturally
extends to a pointed version (hi, φi, ψi): hi : Bǫ−1i
(pi) → Bǫ−1i +ǫi
(p), hi(pi) = p,
φi : Γi(ǫ
−1
i ) → Γ(ǫ
−1
i + ǫi), φi(ei) = e, ψi : Γ(ǫ
−1
i ) → Γi(ǫ
−1
i + ǫi), ψi(e) = ei, and
the above inequalities hold whenever the multiplications stay in the domain of hi,
where Γi(R) = {γi ∈ Γi, dXi(pi, γi(pi)) ≤ R}.
Lemma 1.1. Let (Xi, pi)
GH
−−→ (X, p), where Xi is a complete locally compact length
space. Assume that Γi is a closed group of isometries on Xi. Then there is a closed
group G of isometries on X such that passing to a subsequence, (Xi, pi,Γi)
eqGH
−−−→
(X, p,G).
Lemma 1.2. Let (Xi, pi,Γi)
eqGH
−−−→ (X, p,G), where Xi is a complete locally com-
pact length space and Γi is a closed subgroup of isometries. Then (Xi/Γi, p¯i)
GH
−−→
(X/G, p¯).
b. The center of mass.
The stability of compact Lie group G-actions in [Pa] asserts that says if two G-
actions on a compact manifoldM are C1-close, then the twoG-actions are conjugate
via a diffeomorphism close and isotopy to idM . In [GK], a geometric criterion for
the C1-closeness is described. For our purpose, we state the following version.
Theorem 1.3. Let M be a complete manifold which admits two compact Lie group
G-actions, µi : G×M →M , i = 0, 1. Assume thatM admits two invariant metrics,
gi, with respect to µi respectively such that
| secgi | ≤ 1, injrad(g0) ≥ i0.
Then there is a constant ǫ(n, i0) > 0 such that if
d((M,G, µ0), (M,G, µ1)) = sup
x∈M
{dg0(µ0(g, x), µ1(g, x)) g ∈ G} < ǫ(n, i0),
then there is G-conjugate diffeomorphism, f : (M,G, µ0) → (M,G, µ1) which is
ǫ-isotopy to idM .
Note that the assumption of Theorem 1.3 on injectivity radius can be replaced
by vol(B1(x, g0)) ≥ v0 > 0 for all x ∈M (cf. [Ch]).
c. Singular fibrations.
Consider a collapsing sequence of compact n-manifolds, Mi
GH
−−→ X , such that
| secMi | ≤ 1 and diam(Mi) ≤ d. Let F (Mi) denote the orthogonal frame bundles.
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The Levi-Civita connection on M determines a ‘horizontal’ distribution on F (Mi),
and thus an O(n) bi-invariant metric uniquely determines a Riemannian metric on
F (M) such that the projection map, F (Mi) → M is a Riemannian submersion.
Passing to a subsequence, one obtains the following equivariant convergence (see
Lemma 1.2),
(F (Mi), O(n)i)
eqGH
−−−−→ (Y,O(n))yProji
yProj
Mi,
GH
−−−−→ X = Y/O(n),
where O(n)i denotes the isometric O(n)-action on F (Mi); µi : O(n) × F (Mi) →
F (Mi). In [Fu1,2], it was proved that there is an O(n)-invariant fibration, fi :
(F (Mi), O(n))→ (Y,O(n)), as in Theorem 0.3, without that Y is a C
1,α-manifold;
which follows from the following curvature estimate for the canonical metric on
F (Mi).
Theorem 1.4. ([KoS]) Let M be a complete Riemannian n-manifold, and let
F (M) be the frame bundle equipped with a canonical metric such that F (M)→M
is a Riemannian submersion. Assume that | secM | ≤ 1. The sectional curvature of
the canonical metric on F (Mi) satisfies
| secF (Mi) | ≤ c(n).
The proof of Theorem 0.3 in [Fu2] and [CFG] uses a smoothing technique to
find, on Mi, a nearby metric of higher regularity so that its canonical metric on
F (Mi) converges to a smooth manifold which is diffeomorphic to Y . Using The-
orem 1.4, one may apply the δ-splitting map technique in [CC1] to construct a
fiber bundle map from F (Mi) to Y (Lemma 3.7). Note that under the condition
that | secF (Mi) | ≤ C, it is easy to see that L
2-estimate for a δ-splitting map (see
Definition 3.8) implies a pointwise estimate, and thus fi is non-degenerate, i.e., fi
is a fiber bundle map. This will give a direct construction of a fiber bundle map
without relying a smoothing technique.
A verification that Y is a C1,α-manifold.
For any y ∈ Y , x′i ∈ F (Mi) such that fi(x
′
i) = y, let Sρ(x
′
i) = expx′i B
⊥
ρ (0) denote
a normal slice of f−1i (y), where B
⊥
ρ (0) ⊂ T
⊥
x′i
F (Mi), the normal subspace to f
−1
i (y),
and ρ = ρ(n) is a constant for all i (this is a consequence of local bounded covering
geometry property, [CFG]). Equipped with the induced metric, Sρ(x
′
i)
GH
−−→ Bρ(y).
It is easy to see that the induced metric on Sρ(x
′
i) has bounded sectional curvature,
and there is a uniform lower bound on the injectivity radii on S ρ
2
(xi). By now the
C1,α-regularity follows ([An]). 
2. Proof of Theorem A
By the Gromov’s precompactness, it suffices to consider a sequence of compact
n-manifolds satisfying the conditions of Theorem A, Mi
GH
−−→ X , and show that
passing to a subsequence, all M˜i are diffeomorphic. Without loss of the generality,
we may assume that Mi is oritentable (so we will use S(Mi) as previous defined).
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By Theorem 0.1, we may assume that dim(X) < n. By Theorem 0.3, we obtain
the following equivariant commutative diagram:
(2.1)
Fi −−−−→ (S(Mi), S(n)i)
fi
−−−−→ (Y, S(n))yproji
yproji
yproj
F¯i −−−−→ Mi
f¯i
−−−−→ X = Y/S(n),
where fi is a S(n)-invariant fiber bundle map and an ǫi-GHA (ǫi → 0), Fi is a
nilpotent manifold, and f¯i is a singular fibration.
We point it out that at the end of the proof (see the proof Lemma 2.7), we will
use a nearby invariant metric on Mi with higher regularity, i.e., the induced metric
on each Fi-fiber is left invariant, which is obtained by a smoothing technique and
used in the construction of fi ([CFG]).
d. The lifting principal connected nilpotent Lie group bundles.
Lemma 2.2. (Lifting principal nilpotent bundles) Let Fi → (S(Mi), S(n)i)
fi
−→
(Y, S(n)) be the S(n)-invariant nilpotent fiber bundle satisfying (2.1). Then there
is a lifting S(n)-invariant principal connected nilpotent Lie group Ni-bundle on the
Riemannian universal cover of S(Mi), Ni → (S(M˜i), S(n)i)
f˜i
−→ (Y˜ , S(n)), with the
following commutative diagram:
(2.3)
Ni −−−−→ (S(M˜i), S(n)i, p˜i)
f˜i
−−−−→ (Y˜ , S(n), p˜)yπi|Ni
yπi
yπ
Fi −−−−→ (S(Mi), S(n)i, pi)
fi
−−−−→ (Y, S(n), p),
where π and πi are Riemannian universal covering maps.
Note that f˜i may not be an ǫi-GHA; e.g., diam(Ni(x˜i)) ≥ 1 (see Example 2.4).
Proof. Let πi : (M˜i, p˜i) → (Mi, pi) be the Riemannian universal cover. Then πi
induces a Riemannian universal cover, πi : (S(M˜i), p˜i)→ (S(Mi), p). Let F˜i denote
a component of π−1i (Fi). Let Λi = Im(π1(Fi) → Γi), which is a normal subgroup
of Γi = π1(S(Mi)), and let Γ¯i = Γi/Λi. Then
π−1i (Fi) =
⋃
γ¯j∈Γ¯i
γ¯j(F˜i), γ¯j(F˜i) ∩ γ¯l(F˜i) =
{
∅ j 6= l
γ¯i(F˜i) j = l
.
We will call a component of π−1i (Fi) a fiber on S(M˜i), which is diffeomorphic
to F˜i. Then S(M˜i) is a disjoint union of F˜i-fibers. Because Fi → S(Mi) → Y is
a fiber bundle, the fibers on S(M˜i) has a local trivialization and thus form a fiber
bundle., F˜i → S(M˜i) → Y˜i. It is clear that F˜i and Y˜i are covering spaces of Fi
and Y respectively. Because π1(S(M˜i)) = 0, π1(Y˜i) = 0 and thus Y˜i = Y˜ is the
Riemannian universal cover of Y . By the long homotopy exact sequence,
π2(S(M˜i))→ π2(Y˜i)→ π1(F˜i)→ 0 = π1(S(M˜i)),
we see that π1(F˜i) is abelian. Because the universal cover of F˜i is a simply connected
nilpotent Lie group whose center contains π1(F˜i), F˜i is isomorphic to a connected
nilpotent Lie group Ni. 
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Example 2.4. Let (S3, gǫ) denote the Berger’s family of collapsing 3-sphere. Then
(M, g¯ǫ) = (S
3, gǫ) × S
1
ǫ
GH
−−→ S21
2
. Then the fiber bundle in Theorem 0.3 is given
by the free isometric T 2-action on (S3, gǫ) × S
1
ǫ , the lifting principal bundle is
S1 × R1 → (S3 × R1, S(3)) → (S21
2
, S(3)), where (M˜, g˜ǫ) = (S
3,×R1, gǫ ⊗ ds
2)
satisfies that diamg¯ǫ(S
1 × R1) =∞ and volg¯ǫ(B1(p˜))→ 0 as ǫ→ 0.
e. Principal bundles of simply connected nilpotent Lie group are trivial.
Recall that fixing a dimension k ≥ 3, there are infinitely many isomorphism
classes of a connected nilpotent Lie groups. Hence, in general one cannot expect
Lemma 0.4 for a principal nilpotent Lie group bundles. As seen in the introduction,
we will consider the S(n)-invariant principal torus T k-bundle,
T k → (S(M˜i), S(n)i)→ (S(M˜i)/T
k, S(n)i).
The following lemma is a key property to the equivariant stability of the principal
connected T k-bundles.
Lemma 2.5. Let N → M → Y be a smooth principal connected nilpotent Lie
group bundle. If T k is the maximal compact subgroup of N , then principal T k-
bundle, T k → M → M/T k, satisfies that M/T k is diffeomorphic to the product
Y × Rm, m = dim(N)− k.
Proof. Note that T k is contained in the center of N , and we may assume that
k < dim(N). Then Nˆ = N/T k is a simply connected nilpotent Lie group, and we
shall show that Nˆ →M/T k → Y is a trivial principal Nˆ -bundle.
We may assume that the principal Nˆ -bundle is the pull back bundle of a map,
f : Y → BNˆ , where π : ENˆ → BNˆ is an universal principal Nˆ -bundle, where ENˆ
is characterized as a path connected topological space on which Nˆ acts freely and
ENˆ has only trivial homotopy groups ([MT]). It is clear that ENˆ can be chosen to
be Nˆ , and thus BNˆ = {pt}. By now, the desired result follows. 
f. Modifying a bundle isomorphism to a S(n)-conjugate bundle isomor-
phism.
Returning to (2.3), passing to a subsequence we may assume that all compact
subgroups of Ni is isomorphic to T
k. By Lemma 2.5, we obtain a sequence of
S(n)-invariant principal T k-bundles,
T k −→ (S(M˜i), S(n)i)
proji−−−→ (Y˜ × Rm, S(n)i),
where the S(n)i-action on Y˜ ×R
m was descended from the S(n)i-action on S(M˜i)
(note that the descending S(n)i-action on Y˜ is independent of i; see Theorem 0.3).
Because π1(S(M˜i)) = π2(S(M˜i)) = 0, fixing i0 and for any i ≥ i0 by Lemma 0.4
8
we may assume a principal T k-bundle weakly equivalence,
T k T ky
y
(S(M˜i0), S(n)i0)
φi
−−−−→ (S(M˜i), S(n)i)yproji0
yproji
(Y˜ × Rm, S(n)i0) (Y˜ × R
m, S(n)i).
Via φi, we identify S(M˜i0) with S(M˜i), and let g˜i denote the pullback metrics by
φ∗i on S(M˜) := S(M˜i0). Then
(2.6)
T k T ky y
(S(M˜), S(n)i)
idS(M˜)
−−−−→ (S(M˜), S(n)j)yproj
yproj
(Y˜ × Rm, S(n)i)
id
Y˜×Rm
−−−−−→ (Y˜ × Rm, S(n)j).
Note that because φi is a weakly equivalence of bundles, in the above idS(M˜)
is a weakly equivalence of T k-bundles (which may not be a principal T k-bundle
equivalence).
In order to modified idS(M˜) to a S(n)-conjugate map (see Lemma 2.8), we need
the following
Lemma 2.7. Let T k → (S(M˜), S(n)i)
proji−−−→ (Y˜ ×Rm, S(n)i) be the S(n)-invariant
connected principal abelian Lie group bundle. Passing to a subsequence, all (Y˜ ×
R
m, S(n)i) are conjugate by diffeomorphisms that are close and isotropy to idY˜×Rm .
Proof. As pointed out at the beginning of this section, without loss of generality we
will assume the following: the metric gi on Mi is invariant, i.e., the induced metric
on any Ni-fiber is left invariant, and |∇
sgi| ≤ c(n, s) for all i and s ([CFG]). More-
over, passing to a subsequence, we may assume the following normal descending
sequence:
Ni/T
k = Nˆi = Nˆi,0 ⊲ Nˆi,1 ⊲ · · · ⊲ Nˆi,s ⊲ e, Nˆi,j−1/Nˆi,j = R
kj (independent of i).
We shall proceed the proof by induction on s, starting with s = 0, i.e., Nˆi
is isomorphic to abelian group Rm. By Lemma 2.5, the S(n)-invariant principal
R
m-bundle,
Nˆi → (S(M˜)/T
k, S(n)i)→ (Y˜ , S(n)),
is trivial, S(M˜)/T k = Y˜ × Nˆi = Y˜ ×R
m; which gives a natural identification on all
principal Rm-bundles. Note that the abelian Lie group Rm acts on the Rm-factor
by multiplications and on Y˜ ×Rm by isometrices with respect to g¯i (g¯i is in general
not a product metric). We observe the following:
9
(2.7.1) The Rm-action on Y˜ × Rm commutes with the S(n)i-action.
(2.7.2) Fixing (p˜, 0) ∈ Y˜ × Rm, let Di ∋ (p˜, 0) denote a fundamental domain of
S(Mi)/T
k, then S(n)i(p˜, 0) ⊂ Di (note that πi : (Y˜ × Nˆi, (p˜, 0))→ (S(Mi)/T
k, p),
is a universal covering map).
(2.7.3) Two quotient metrics on Y˜ ×Rm, g¯i and g¯j, has bounded norm on all deriva-
tives. Hence, passing to a subsequence we may assume g¯i and g¯j are C
∞-close on a
compact subset C (e.g., C is the closed ball, B¯4 diam(S(Mi0))((p˜, 0), g¯i0)) containing
both fundamental domains, Di and Dj), so the isometric S(n)i-action (with respect
to g¯i) and the isometric S(n)j-action (with respect to g¯j) are equivariant close on
C (Lemma 1.1).
By the S(n)-invariance, we see that the set,
S(y˜, r) = {s−1j si(y˜, r), s ∈ S(n)} ⊂ y˜ × R
m, si = µ¯i(s, ·),
where µ¯i denotes the S(n)i-action on Y˜ × R
m. We define the map,
ψi,j : S(M˜)/T
k → S(M˜)/T k,
by ψi,j(y˜, r) = cm(S(y˜, r)), the center of mass of S(y˜, r) in y˜×R
m. It is clear that
ψi,j is a S(n)-conjugate. By (2.7.3) and Theorem 1.3 (or a verification similar to
the proof of (2.8.2) below), ψi,j is a diffeomorphism that is close and isotopy to
idY˜×Rm .
Consider
Nˆi,j−1/Nˆi,j → ((S(M˜)/T
k)/Nˆi,j , S(n)i)→ ((S(M˜)/T
k)/Nˆi,j−1, S(n)i).
By Lemma 2.5, (S(M˜)/T k)/Nˆi,j−1 ∼= Y˜ × (Nˆi,0/Nˆi,j−1) ∼= Y˜ × R
mj−1 , and by
induction we may assume that (Y˜ × Rmj−1 , S(n)i) are all S(n)-conjugate by dif-
feomorphisms that are close and isotopy to idY˜×Rmj−1 . By further identifying the
S(n)i-actions via the conjugate diffeomorphisms, we are back to a situation sim-
ilar to one in the proof of s = 0, and thus we can modify id(S(M˜)/Tk)/Nˆi,j to a
S(n)-conjugation via the center of mass technique. 
Lemma 2.8. Let T k → (S(M˜), S(n)i)
projj
−−−→ (Y˜ × Rm, S(n)) be a sequence of
S(n)-invariant principal T k-bundles in Lemma 2.7 such that all derivative of g˜i
have uniform bounded norm, and all dg˜i are close on a compact set C that contains
all fundamental domains of S(Mi). Then all the S(n)i-actions are conjugate by
diffeomorphisms that are close and isotopy to idS(M˜).
Proof. By Lemma 2.7, from (2.6) we obtain the following S(n)-invariant principal
A-bundles,
T k T ky y
(S(M˜), S(n)i)
idS(M˜)
−−−−→ (S(M˜), S(n)j)yproj
yproj
(Y˜ × Rm, S(n))
id
Y˜×Rm
−−−−−→ (Y˜ × Rm, S(n)).
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Indeed, the proof in Lemma 2.7 will go through if vol(B1(T
k(p˜), g˜i)) ≥ v > 0 for all
g˜i (note that vol(B1(T
k(p˜), g˜i)) ≥ v implies that vol(B1(T
k(x˜), g˜i)) ≥ c(n)
−1v,
see (0.3.3)). If diam(T k(p˜), g˜i) → 0, then this case is similar to the proof of
Theorem 0.2. The remaining case to address is that vol(B1(T
k(p˜)), g˜i) → 0 and
diam(T k(p˜i), g˜i) ≥ d > 0 (see Example 2.4), where it is possible that (T
k, e, g˜i)
GH
−−→
(Rt × T l, 0), t+ l < k.
We shall apply the center of mass technique on the Riemannian universal cover
of T k(x˜) where (2.7.3) holds. For any x˜ ∈ S(M˜), we define map ν : S(n)→ T k(x˜),
φ(s) = sj · s
−1
i x˜. Because the convexity radius of T
k(x˜) may be very small, we
consider the lifting map
S(n)
ν˜
−−−−→ (Rk, 0)∥∥∥
yπ
S(n)
ν
−−−−→ (T k(x˜), x˜),
where π : (Rk, 0) → (T k(x˜), x˜) is the Riemannian universal covering map and ν˜ is
the lifting map of ν at some y˜ ∈ π−1(x˜). Then ν˜ has a center of mass, denoted by
cm(x˜). We observe the following properties:
(2.8.1) For α ∈ π1(T
k(x˜)), cm(α · x˜) = α cm(x˜) since α is an isometry.
Put cm(x˜) = π(cm(y˜)). By (2.8.1), cm(x˜) is independent of the choice of y˜, and
thus we may formally denote it by cm(x˜) = cm(s→ s−1j si · x˜)).
(2.8.2) For y˜ = t(x˜), t ∈ T k, cm(y˜) = cm(s→ sjs
−1
i (t(x˜))) = cm(s→ s
−1
j (t(six˜))) =
cm(s→ s−1j (φi,j(t)(six˜))) = cm(s→ φi,j(t)(s
−1
j si(x˜))) = φi,j(t)·cm(s→ s
−1
j si(x˜)) =
φi,j(t) · cm(x˜), where φi,j : T
k → T k is the automorphism from the T k-bundles
weakly equivalence.
It is clear that fˆ is S(n)-conjugate. Note that (2.8.2) implies that fˆ : S(M˜) →
S(M˜) by fˆ(x˜) = cm(x˜) is a diffeomorphism that is close and isotropy to idS(M˜). 
Putting the above work together, one obtains a proof of Theorem A. For conve-
nience of readers, we summarize the proof below.
Proof of Theorem A.
We start with a collapsing sequence of Mi in Theorem A, Mi
GH
−−→ X , and we
will show that passing to a subsequence, the sequence of the Riemannian universal
cover, M˜i, are all diffeomorphic. This will be done in two steps: (i) all S(M˜i) are
diffeomorphic, (ii) all M˜i are diffeomorphic.
By Theorem 0.3, we obtain the following commutative diagram,
Fi −−−−→ (S(Mi), S(n)i)
fi
−−−−→
eqGH
(Y, S(n))
yproji
yproji
yProj
F¯i −−−−→ Mi
f¯i
−−−−→ X = Y/S(n),
where fi is an S(n)-invariant fiber bundle map and Fi is a nilpotent manifold. By
Lemmas 2.2 and 2.5, we obtain the following S(n)-invariant principal connected
abelian Lie group bundle,
T k → (S(M˜i), S(n)i)
proji−−−→ (Y˜ × Rm, S(n)i).
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Because π1(S(M˜i)) = π2(S(M˜i)) = 0, by Lemma 0.4 the above principal T
k-
bundles are all weakly equivalent; in particular all S(M˜i) are diffeomorphic. Finally,
by Lemmas 2.7 and 2.8 we conclude that all (S(M˜i), S(n)i) are S(n)-conjugate, and
thus all M˜i are diffeomorphic. 
3. Appendix. The Universal Cover Diffeomorphism
Finiteness of Manifolds Of Non-negative Ricci Curvature
In the introduction, the following problem raises: for the class of compact n-
manifolds with uniform bounded sectional curvature and diameter, whether the
Riemannian universal covers which are uniformly non-collapsed contain a finite
number of diffeomorphic types.
There likely is a negative answer if one relaxes the curvature to bounded Ricci
curvature. Our goal here is to present some universal cover diffeomorphism (resp.
homeomorphism) finiteness for the following class of compact n-manifolds of non-
negative Ricci curvature (resp. sectional) curvature.
Theorem 3.1. Given n, v > 0, there are constants, ǫ(n), C(n), C(n, v) > 0, such
that if a compact n-manifold M of diam(M) = 1 satisfies one of the follow-
ing conditions, its Riemannian universal cover M˜ contains at most C(n) (resp.
C(n, v)) many diffeomorphic (resp. homeomorphic) types respectively in (3.1.1)
(resp. (3.1.2)):
(3.1.1) RicM ≥ 0 and vol(B10−1(x˜)) ≥ (1 − ǫ(n)) vol(B¯
n
10−1(0)), ∀ x˜ ∈ M˜ , where
B
¯
n
r (0) denotes an Euclidean n-ball of radius r.
(3.1.2) secM ≥ 0 and vol(B1(p˜)) ≥ v, for some p˜ ∈ M˜ .
Note that manifolds in (3.1.2) actually contains finitely many diffeomorphic types
in the case that π1(M) contains no subgroup Z
n−4 of finite index (see the proof of
(3.1.2)).
We will review results that will be used in the proof of Theorem 3.1.
In Riemannian geometry, the celebrated splitting theorem of Cheeger-Gromoll
asserts:
Theorem 3.2. ([CG]) Let M be a complete n-manifold of RicM ≥ 0.
(3.2.1) If M contains a line, then M splits, M = N × R.
(3.2.2) If M is compact, then the Riemannian universal cover splits, M˜ = S × Rk
(k ≥ 0), where S is compact. In particular, π1(M) contains a free abelian group of
finite index.
Note that Theorem 3.2 does not provide any information on a compact manifold
of RicM ≥ 0 and finite fundamental group (equivalently, k = 0).
Note that in a proof of Theorem 3.2, one may consider a sequence of compact
n-manifolds satisfying the conditions in Theorem 3.1, and prove that for i large, all
M˜i are diffeomorphic or homeomorphic. By Theorem 3.2, M˜i = Ni×R
ki , it reduces
to show that the sequence of non-collapsed compact factor Ni are all diffeomorphic
or homeomorphic (passing to a subsequence).
We recall the following well known homeomrphic and diffeomorphic stability
results.
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Theorem 3.3. (Homeomorphic stability, [Pe]) Let a sequence of compact n-manifolds,
Mi
GH
−−→ X such that
secMi ≥ −1, diam(Mi) ≤ d, vol(Mi) ≥ v > 0.
Then for i large, there is a homeomorphism from Mi to X that is also an ǫi-GHA.
Note that Theorem 3.3 was proved for a larger class that may not be topological
manifolds ([Pe]).
Theorem 3.4. (Diffeomorphism stability, [CC1]) Let a sequence of compact n-
manifolds, Mi
GH
−−→ X, such that
RicMi ≥ −(n−1), diam(Mi) ≤ d, vol(Bρ(xi)) ≥ (1−ǫ(n)) vol(B¯
n
ρ (0)), ∀xi ∈Mi.
Then X is homeomorphic to a manifoldM and for i large, there is a diffeomorphism
from M to Mi such that the pullback distance functions bi-Ho¨hlder converge.
We point it out that the original proof of Theorem 3.4 in [CC1] uses the Reifen-
berg method from the geometric measure theory. Recently, it was improved that
if k = n, then a δ-splitting map is non-degenerate ([CJN]). With this regularity, in
[Hu] it was showed that the differentiable map constructed in the proof of Lemma
3.7 below is non-degenerate, and thus is a diffeomorphism.
To apply Theorems 3.3 and 3.4, we need the following lemma.
Lemma 3.5. Given n, there exists a constant, d(n) > 0, such that if M is a
compact n-manifold such that
RicM ≥ 0, diam(M) = 1,
and the Riemannian universal cover splits, M˜ = S × Rk, then diam(S) ≤ d(n).
When k = 0 i.e., π1(M) is finite, Lemma 3.5 is known ([KW]). In the proof, we
need the following generalized Margulis lemma.
Theorem 3.6. (Margulis Lemma, [KW]) For n ≥ 3, there exist constants, ǫ(n), w(n) >
0, such that if a compact n-manifold M satisfies
RicM ≥ −(n− 1), diam(M) < ǫ(n),
then the fundamental group π1(M) contains a normal nilpotent subgroup of index
≤ w(n).
In the proof of Lemma 3.5, we will also use the following fact:
Lemma 3.7. For i large, there is a smooth map, fi : Mi → N , such that fi is also
an ǫi-GHA, ǫi → 0.
To construct a smooth map, we will employ the technique of δ-splitting maps in
[CC1].
Definition 3.8. (δ-splitting maps) Let M be a complete n-manifold. For δ >
0, r > 0, a map, u = (u1, ..., uk) : Br(x)→ R
k, is called an δ-splitting map, if
∆ui = 0, |∇ui| ≤ 1+δ, −
∫
Br(x)
|g(∇ui,∇uj)−δi,j |
2 < δ, r2−
∫
Br(x)
|Hessui |
2 < δ.
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Theorem 3.9. ([CC1]) For any δ > 0, there is a ǫ(n, δ) > 0, such that if
RicB4(p) ≥ −(n− 1)ǫ, dGH(B4(p),B¯
m
4 (0)) < ǫ,
then there is an δ-splitting map, φ = (φ1, ..., φm) : B1(p)→ R
m.
Proof of Lemma 3.7.
Fixing any ǫ > 0, without loss of the generality by rescaling we may assume that
the convexity radius of N is ≥ 10, and
RicMi ≥ −(n− 1)ǫ, dGH(B4(x),B¯
m
4 (0)) < ǫ, ∀x ∈ N, m = dim(N),
Let {x¯j} be an 1-net on N . Then {B1(x¯j)} form a local finite cover for N . For
each j, let xi,j ∈Mi such that xi,j → x¯j . For i large, we may assume that {B2(xi,j)}
form a local finite open cover for Mi. Applying Theorem 3.9, we may assume a
Harmonic map, ui,j : B2(xi,j)→ R
m. Then fi,j = expx¯j ◦ui,j : B2(xi,j)→ B2(x¯j).
Take a partition of unity, {hj}, associate to {B2(x¯j)}. For each xi ∈Mi, we define
an energy function on N :
E(xi) =
1
2
∑
j
hjd
2(fi,j(xi), y), y ∈ N.
Because E(xi) is a linear combination of a finite number of strictly convex functions,
E(xi) is strictly convex. Consequently, E(xi) achieves an unique minimum, say yi.
We then define φi(xi) = yi. It is clear that φi is a differentiable onto map and a
Ψ(ǫ)-GHA. 
Proof of Lemma 3.5.
By Theorem 3.2, the Riemannian universal cover splits, M˜ = S × Rk (k ≥ 0),
and S is a compact simply connected manifold of non-negative Ricci.
We now proceed the proof by contradiction, assuming a sequence of compact
n-manifolds Mi such that
RicMi ≥ 0, diam(Mi) = 1, di = diam(Si)→∞,
where M˜i = Si × R
ki . Passing to a subsequence, we may assume the following
commutative diagram:
(d−1i (Si × R
k), p˜i,Γi)
eqGH
−−−−→ (Y˜ × Rk, p˜, G)yπi yproj
(d−1i Mi, pi)
GH
−−−−→ pt = (Y˜ × Rk)/G,
where Γi = π1(Mi). By [CoN], G is a closed Lie group of isometries, and thus
G = G0. By Theorem 3.6, G is a nilpotent Lie group. Because G acts transitively
and effectively on Y˜ ×Rk, we may identify Y˜ as a compact nilpotent subgroup, and
thus Y˜ = T s, a torus. Hence, d−1i Si
GH
−−→ T s with RicSi ≥ 0 and diam(T
s) = 1.
By Lemma 3.7, for i large there is a smooth onto map, fi : d
−1
i Si → T
s, which
is also an ǫi-GHA, ǫi → 0. For any closed geodesic α in T
s, α is not homotopically
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trivial, then there is a loop γi in Si such that fi(γi) is homotopically equivalent to
α; a contradiction because Si is simply connected. 
Proof of Theorem 3.1.
By Theorem 3.2, M˜ splits, M˜ = S × Rk, 0 ≤ k ≤ n, and by Lemma 3.5,
diam(S) ≤ d(n). It suffices to consider a sequence of compact m-manifolds, Si
GH
−−→
X such that diam(Si) ≤ d(n) and RicSi ≥ 0 or secSi ≥ 0 respectively, and show
that for i large, all Si are all diffeomorphic or homeomorphic respectively.
(3.1.1) The volume condition is equivalent to an uniform Reifenberg condition,
and by Theorem 3.4 for i large Si is diffeomorphic to Si+j for all j ≥ 1.
(3.1.2) Note that vol(B1(p˜)) ≥ v implies that vol(B1(S, p˜)) ≥ ǫ(n, v) > 0. By
Theorem 3.3, for i large all Si are homeomorphic (the homeomorphic finiteness was
first obtained by [GPW1,2]). For dim(S) 6= 4, the homeomorphic stability implies a
diffeomorphism finiteness ([KiS]). For dim(S) = 4 and thus n ≥ 4, π1(M) contains
a subgroup Zn−4 of finite index. 
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